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Abstract This paper is a contribution for the assessment
and comparison of magnet properties based on magnetic
field characteristics particularly concerning the magnetic in-
duction uniformity in the air gaps. For this aim, a solver
was developed and implemented to determine the magnetic
field of a magnetic core to be used in Fast Field Cycling
(FFC) Nuclear Magnetic Resonance (NMR) relaxometry.
The electromagnetic field computation is based on a 2D
finite-element method (FEM) using both the scalar and the
vector potential formulation. Results for the magnetic field
lines and the magnetic induction vector in the air gap are
presented. The target magnetic induction is 0.2 T, which is a
typical requirement of the FFC NMR technique, which can
be achieved with a magnetic core based on permanent mag-
nets or coils. In addition, this application requires high mag-
netic induction uniformity. To achieve this goal, a solution
including superconducting pieces is analyzed. Results are
compared with a different FEM program.
Keywords Magnetic core · Magnetic uniformity ·
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1 Introduction
Magnetic circuits must present in general a specific design
in accordance with the requirements of the application. De-
pending on the structure and dimensions of the magnetic
cores (shape, air gaps, etc.), the distribution of the flux lines
is important to guarantee the performance of the magnetic
system. In addition, for some applications the uniformity of
the magnetic induction is the parameter to be optimized, as
for instance, for the magnet of a Fast Field Cycling (FFC)
Nuclear Magnetic Resonance (NMR) relaxometer. In gen-
eral, the air gap is the region where the flux uniformity
should be very high [1–3].
Using this model illustrated in Fig. 1 with the require-
ments of high magnetic induction uniformity, the magnetic
induction was analyzed considering the following configu-
rations: magnetic core with permanent magnets; magnetic
core with coils; and, magnetic core with coils and supercon-
ducting pieces.
To analyze and compare these solutions, a solver to de-
termine the magnetic field lines and the magnetic induction
vector in their air gaps was developed and implemented. For
each configuration, the models used to implement the com-
putational routines were described and presented.
This work also includes the comparison of the results ob-
tained with the developed solver with the ones obtained with
a well-known finite-element method software [4].
The main properties of the superconducting materials are
also described, bearing in mind the usage of such innovative
superconducting materials, their electromagnetic character-
istics and the dimensions of the core.
Fig. 1 Basic structure of the magnetic core
Fig. 2 Magnetic field lines of a system with permanent magnets and a
superconductor
1.1 Effect of the Superconducting Pieces
As is well-known, the properties of superconducting materi-
als are distinct from those of ordinary conducting materials.
By submitting some materials (Sn or Pb, for instance) to
temperatures below their critical temperature and to a mag-
netic field, it can be observed that the flux lines do not cross
the material. This phenomenon became known as the Meiss-
ner effect [5] and it is exemplified in Fig. 2 for the core
where the induction magnetic field produced by two mag-
nets is applied to a superconducting piece.
The behavior of a superconductor when exposed to the
application of an external magnetic field leads to the follow-
ing specific characteristics, typically, at very low tempera-
tures, particularly when the temperature is below a critical
temperature Tc:
– resistivity with temperature: ρ = f (T );
– magnetization, M = f ( H), and
– magnetic induction with the magnetic field, B = f ( H).
The magnetic field, H , the magnetic induction, B , and mag-
netization, M , are closely linked through the expression [6]
B = μ0( H + M). (1)
This expression is valid at any point, inside and outside of
the material, knowing that outside of the material the mag-
netization may be taken zero, M = 0.
In linear and isotropic materials, the magnetization is
proportional to the applied magnetic field through the ex-
pression
M = χm H, (2)
where χm is the magnetic susceptibility of the material for
the considered environment.
In this case, the magnetic induction is not nil and from
(1) and (2) the following expressions are obtained:
B = μ0(1 + χm) H, (3)
μr = 1 + χm. (4)
Moreover, if a superconductor is submitted to a magnetic
field below a critical magnetic field (with a value depending
on the superconducting material), the magnetic induction in-
side the superconductor is always null, B = 0. This prop-
erty may be given by (3) and (4) if susceptibility is taken
as χm = −1, which means that the relative magnetic perme-
ability of the material is zero, μr = 0. However, for com-
putational reasons, a value of 0.005 for the relative mag-
netic permeability is taken inside YBCO superconductors
for cases where this material is used in the real magnet [7].
2 Core with Permanent Magnets
The magnetic field in the magnetic core with permanent
magnets (Fig. 3) is based on the scalar potential formula-
tion.
Since the magnetic core is symmetrical, the calculations
are performed considering only 1/4 of the magnet, as shown
in Fig. 4.
2.1 Calculation of the Potential
The formulation of the problem for the regions without cur-
rents (free space) can be obtained using the scalar formula-
tion [8]:
∇ · (μr∇φ) = 0, (5)
where
H = HS − ∇φ, (6)
Fig. 3 Structure of the magnetic core with permanent magnets (PM)
Fig. 4 Section of the magnetic core simulated
and HS is assumed as the source magnetic field, since [9]:
∇ × H = ∇ × HS = JS, (7)
where JS is the current density.
Since the circuit is based on permanent magnets, JS = 0,
so that
∇ × H = 0, then (8)
H = −∇φ. (9)
Using the finite-element method to solve (5), (10) and (11)
are obtained [10]
φ =
3∑
i=1
φi(ai + bix + diy), (10)
where φ is the potential function approximation in a 2D first
order triangular finite element.
Fig. 5 Boundary conditions of the magnetic core with permanent
magnets
So that the magnetic induction in the air is given by
B = μ0
(
−
3∑
i=1
φibi
)
ux + μ0
(
−
3∑
i=1
φidi
)
uy, (11)
where μ0 is the vacuum magnetic permeability.
In the computational routine, the permanent magnet is
implemented as shown in Fig. 5. The value of the source is
equivalent to half of the number of turns of an existing real
coil (320 turns) driven by a current of 5 A, being equivalent
to a total magneto motive force (m.m.f.) of 800 AT.
At the first stage, when constructing the models, the dif-
ferent boundaries are connected in an anticlockwise direc-
tion, starting from an appropriate point.
Each point is defined by a pair of coordinates (x, y) and
each boundary type is properly identified as Neumann or
Dirichlet [10].
Due to the symmetry of the configuration, the Dirichlet
boundary [DD] is represented by a source of value equal to
800 AT, as was explained previously.
After defining the coordinates of the points that bound
the core, as well as its air gap, the definition and charac-
terization of the boundary conditions, the type of material
used and, finally, the value of the relative permeability of the
various elements, a finite-element mesh generator is used to
create the finite-element mesh according to the conditions
mentioned above.
It is important to note that the Neumann boundary [NE]
in Fig. 5 corresponds to the point where the equivalent
source is applied imposing a m.m.f. equal to the potential
difference between the two Dirichlet boundaries, the one
crossing the iron (DD) and the other in the air gap (DF).
Its size should be as small as possible in order to obtain
Fig. 6 Mesh and equipotential lines of the simulated section
the magnetic field configuration without significant pertur-
bations.
Figure 6(a) represents the finite-element mesh that was
created for this model (simulation based on the replacement
of a permanent magnet by an equivalent source). As can be
seen, the number of elements of the mesh can be established,
in order to have more elements where the magnetic field is
more important (greater values of the potential gradient) and
less elements in the regions with smaller values of the poten-
tial gradient in order to decrease the computational effort.
After creating the mesh and using the solver, the values
of the potentials in all nodes of the domain are calculated.
Figure 6(b) illustrates the resulting equipotential lines after
running the solver routine.
Since the magnetic field in the iron is very small and
much greater in the air gap, the equipotential lines in this
region are more concentrated, as expected.
2.2 Magnetic Induction Vector
After obtaining the equipotential lines, it is intended to ob-
tain the magnetic field distribution throughout the core and
the air gap, and, the determination of the magnetic induction
vector in the air gap. To perform this step, the boundary con-
ditions must be changed in order to solve the dual magnetic
field problem: the homogeneous Neumann conditions are
changed into Dirichlet boundary conditions and vice versa.
The adopted mesh is the same as the mesh represented in
Fig. 6(a).
In Fig. 7, the new boundary conditions are shown.
Running the solver routine with the boundary conditions
shown in Fig. 7, the magnetic field lines will be obtained as
the equipotential lines of the dual problem. If we want to
obtain the magnetic induction lines instead of the magnetic
field intensity lines, Eq. (5) must be solved replacing μr by
1/μr , which corresponds to Eq. (12) with A oriented in the
axial direction and meeting J = 0, imposing the dual bound-
ary conditions of the problem described by Fig. 5, which is
represented in Fig. 7.
Fig. 7 Boundary conditions for the calculation of the magnetic induc-
tion vector
Fig. 8 Magnetic field lines
Thus, the magnetic induction field lines (Fig. 8) are ob-
tained after running the solver for the boundary conditions
of Fig. 7 replacing μr by 1/μr . Finally, the magnetic in-
duction vector may be evaluated using (11) for the initial
boundary value field problem indicated in Fig. 5.
Figure 9 illustrates the magnetic induction obtained along
the core and air gap central axis when simulating the model
with permanent magnets.
3 Core with Permanent Magnets and Superconductors
As can be seen in Fig. 9, the magnetic induction distribution
obtained with the previous core does not fulfill the unifor-
mity requirement.
To improve the uniformity of the magnetic induction, su-
perconducting pieces are added to the initial core, as repre-
sented in Fig. 10.
Similar results to those in Figs. 6(a), 7, 8 and 9 are shown
in Figs. 11, 12 and 13. As can be observed in Fig. 13, the
Fig. 9 Magnetic induction along the central axis of the core (AB—
Fig. 3)
Fig. 10 Structure of the magnetic core with permanent magnets (PM)
and superconductors (SC)
Fig. 11 Finite-element mesh and magnetic field lines of the simulated
section with superconductors
uniformity of the magnetic induction is reached when using
the superconducting pieces.
Fig. 12 Boundary conditions of the magnetic core with superconduc-
tors
Fig. 13 Magnetic induction along the central axis of the core with
superconductors (AB—Fig. 3)
4 Core with Coils and Superconductors
The real magnet instead of permanent magnets uses coils as
represented in Fig. 14 without and with superconductors.
4.1 Calculation of the Potential
The vectorial formulation of the magnetic field problem con-
sidering the current in coils as the corresponding source can
be obtained using the two-dimensional vectorial formula-
tion [7]:
∇ × 1
μr
∇ × A = −μ0 J . (12)
Fig. 14 Structures of the magnetic core with coils
The coils’ total current is
Itotal = N I , (13)
where N is total the number of turns of the coils.
The total m.m.f. being equal to 1600 AT, the current den-
sity (J ) is given by
J = Itotal
S
. (14)
Here S is the cross section of the coil.
To obtain the magnetic induction in the air gap, it is
known that
B = ∇ × A. (15)
For linear triangular finite elements, the potential is given by
A =
3∑
i=1
Ai(ai + bix + diy)uz. (16)
The magnetic induction is then obtained by
B =
( 3∑
i=1
Aidi
)
ux −
( 3∑
i=1
Aibi
)
uy. (17)
Note that, for 2D field problems, the solver using Eqs. (12)–
(17) is the same as for Eqs. (5)–(11).
In Fig. 15, the implemented models, with the appropriate
media and boundary conditions, are shown.
Following the process referred previously when defin-
ing the boundaries, the resulting meshes are represented in
Fig. 16.
After creating the mesh, running the solver and using the
routine that allows calculating the magnetic induction field
lines, the obtained magnetic field lines are represented in
Fig. 17. Note that in this case the magnetic induction field
lines are given by the equipotential lines directly.
Fig. 15 Boundary conditions of the magnetic core with coils
In Fig. 18, the results of the magnetic induction vector
for the core without and with superconductors are shown.
These are key results knowing that the target application
(FFC NMR) requires a magnet with high magnetic induc-
tion uniformity.
Results of Fig. 18(a) corresponds to a ration B/B ≈
2.5 %, translating a measure to the field uniformity, where
B is an average value of the magnetic induction field along
a central cross section with 4 cm2 of area located in the air
gap axis of symmetry and B is the field variation along the
same section. For the solution with superconducting pieces,
the uniformity is, at least, 10 times better (Fig. 18(b)).
These results are in accordance with the ones presented in
[11, 12], which were obtained for the same 4 cm2 section of
Fig. 16 Finite-element mesh of the simulated section with coils
Fig. 17 Magnetic field lines with coils
the air gap central layer using a commercial finite-element
method program [4].
In order to validate the results obtained with the imple-
mented routines, taking advantage of the capabilities of the
referred commercial finite-element program, the core with
coils generating the same m.m.f., without and with super-
conductors, was simulated.
The results of this simulation, shown in Fig. 19, agree,
with deviations less than 2 %, to those obtained by running
the solver implemented for this work.
In Fig. 20 an image of the real magnet including super-
conducting pieces is shown.
5 Conclusion
In this paper, the simulation results of a magnetic core with
different configurations are shown. These results are ob-
tained with routines implemented using the scalar potential
and vector potential approaches.
Fig. 18 Magnetic induction along the central axis of the core with
coils (AB—Fig. 3)
The main objectives of this work are to determine the
value of the magnetic induction in air gap of a magnetic
core, and to observe the magnetic field lines around the
model.
Since the model under study has a symmetrical config-
uration, only one quarter (1/4) of the model is simulated
by imposing the appropriate boundary conditions, reducing
the computational effort, but keeping the final results valid
if extended to the whole model.
For the different configurations of the magnet, the mag-
netic field lines in the magnetic core and in the air gap are
observed, and the magnetic induction vector in the central
axis of the air gap is computed. In all simulations, the target
value of the vector of magnetic induction in the central part
of the air gap is approximately 0.2 T. The introduction of
superconductors has a significant improvement in the uni-
formity of the field along the central axis of the air gap.
Fig. 19 Flux density along the central axis of the magnetic core (ex-
cluding the external legs)
Fig. 20 Real magnet including superconducting pieces
In conclusion, comparing the above results and those pre-
sented in the literature, the developed solver constitutes a
valid and useful tool in order to design FFC NMR magnets.
Furthermore, the described approach allows for modeling
the magnetic system, taking into account the specificities of
materials and sources.
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